The Gauss curvature equation is used to prove inequalities relating the sectional curvatures of a submanifold with the corresponding sectional curvature of the ambient manifold and the size of the second fundamental form. These inequalities are then used to show that if a manifold M is 6-pinched for some 6 > 1, then any submanifold M of M that has small enough second fundamental form is EM-pinched for some bM > 1. It then follows from the sphere theorem that the universal covering manifold of M is a sphere. Some related results are also given. In this note we will extend this to higher codimensions and at the same time weaken the assumptions on the second fundamental form of M and drop the assumption of simple connectivity on M.
Introduction. This note is motivated by questions of the following type: Let M be a complete Riemannian manifold and M a compact immersed submanifold of M; how then is the topology of M affected by placing a sufficiently small upper bound on the size of the second fundamental form of M in M? For example, when M is isometric to a standard sphere, Lawson and Simons [L-S] show that if the length of the second fundamental form of M is small enough, then M is a homotopy sphere. If M is the product of two spheres, then the second author has shown in
that the submanifolds of M with sufficiently small second fundamental are homeomorphic to totally geodesic submanifolds of M.
Here we will consider the case that M is S-pinched for some 6 > 1. That is, all sectional curvatures of M are in the closed interval [WKo, Ko] for some constant Ko > 0. In this case the well-known sphere theorem of Berger, Klingenberg, Rauch and Toponogov implies that the universal covering manifold of M is homeomorphic to a sphere. If M and M are both simply connected and M has codimension one, then Flaherty has given conditions (cf. ?3 below) on the second fundamental form of M which forces M to be a homotopy sphere.
In this note we will extend this to higher codimensions and at the same time weaken the assumptions on the second fundamental form of M and drop the assumption of simple connectivity on M.
Our method is to use the Gauss curvature equation to prove inequalities relating the sectional curvatures of a submanifold with the corresponding sectional curvatures of the ambient manifold and the size of the second fundamental form of the submanifold. These inequalities then imply that a submanifold of a pinched manifold is also pinched (with a slightly worse pinching constant) provided that its second fundamental form is small enough. The proofs of these inequalities are elementary; they only involve completing the square. This note is an expanded version of a pleasant Saturday afternoon conversation between the authors and Professor Bang-Yen Chen whose help we wish to acknowledge. We would also like to thank the referee for his corrections and suggestions on improving the exposition. 
